. In this paper, we prove that if κ is a almost strongly compact cardinal, then any MAEC with Löwenheim-Skolem number below κ is < κ-d-tame, using ideas from 
1. M S. Shelah and J. Stern proved in [ShSt78] that the Hanf number of the rst order theory of Banach spaces is very high, in fact it has the behavior of the second order logic of binary relations. In the 60's and 70's, C.C. Chang and J. Keisler, and independently W. Henson, began the development of a suitable logic to understand Banach spaces with similar properties as rst order logic. More recently, this approach was rediscovered (in the 90's and in the 2000's) by W. Henson, J. Iovino, I. Ben-Yaacov, A. Usvyatsov et al, providing a more workable framework (continuous rst-order logic, see [BeBeHeUs08] ) to understand classes of complete metric structures, where all logical symbols are interpreted as uniformly continuous functions in complete metric spaces.
Metric Abstract Elementary Classes (shortly, MAECs) corresponds to a suitable abstract model-theoretical notion due to Å. Hirvonen and T. Hyttinen ( [HiHy09] ) for studying non-elementary (in the sense of continuous logic) classes of complete metric spaces, in a similar way as Abstract Elementary Classes (AECs). The importance of tame AECs lies in the fact that R. Grossberg and M. VanDieren provided in [GrVa06] a partial answer of the Shelah's categoricity transfer conjecture in this setting. W. Boney proved in [Bo14] that under the existence of a proper class of strongly compact cardinals all AECs are tame, providing a proof of the settheoretical consistency of the Shelah's categoricity transfer conjecture. P. Zambrano studied in [Za12] a metric version of tameness (d-tameness) in MAECs, proving a stability transfer theorem in this setting, in a similar way as it was done in AECs ( [BaKuVa06] ).
In this paper, we prove that if κ is a strongly compact cardinal, then any MAEC with Löwenheim-Skolem number below κ is < κ-d-tame using ideas from [Bo14] and [Bo1x] . Building on improvements from BrookeTaylor and Rosický [BTRo] and Boney and Unger [BoUn] , we actually weaken the hypothesis to an almost strongly compact (see De nition 3.1); note that there is not a good notion of continuous in nitary logic 1 ,so there is no loss here. After seeing early reports on this work, Lieberman and Rosický informed us that they have achieved a similar result based on the ideas in [LiRo] .
S MAEC
We consider a natural adaptation of the notion of Abstract Elementary Class (see [Gr02] and [Ba09] ), but work in a context of continuous logic that generalizes the continuous rst-order setting of [BeBeHeUs08] by removing the assumption of uniform continuity 2 . We base our de nitions on [HiHy09, Za12] .
De nition 2.1. The density character of a topological space is the smallest cardinality of a dense subset of the space. If X is a topological space, we denote its density character by dc(X). If A is a subset of a topological space X, we de ne dc(A) := dc(A).
De nition 2.2. Let K be a class of L-structures (in the context of continuous logic) and ≺ K be a binary relation de ned in K. We say that (K, ≺ K ) is a Metric Abstract Elementary Class (shortly MAEC) if:
(1) K and ≺ K are closed under isomorphism.
Many basic notions in AECs (K-embeddings, amalgamation, etc.) translate directly to MAECs, so we omit their de nition here; consult [Ba09] or other sources. Additionally, although not necessary, we work in the context of a monster model for simplicity; see [Bo14, Theorem 5.4] for how to transfer the concepts.
Remark 2.3 (Monster Model). If K is an MAEC which satis es AP and JEP and has large enough models, then we can construct a very large model M (which we call a monster model) which is homogeneous -i.e., every isomorphism between two K-substructures of M can be extended to an automorphism of M-and also universal -i.e., every model with density character < dc(M) can be K-embedded into M. 
De nition 2.4 (Galois type). Under the existence of a monster model
The metric on the elements can be extended to a distance on types in a natural way.
De nition 2.6 (Distance between types). Let p, q ∈ ga-S(M). We de ne
As de ned, the above distance is just a pseudometric. To turn it into a metric, the following assumption is used.
De nition 2.7 (Continuity of Types). Let K be an MAEC and consider (a n ) → a in M. We say that K satis es Continuity of Types Property While typically used in work on MAECs, this paper does not require the assumption of CTP.
The following are the notions of tameness and type-shortness from AECs properly generalized to the continuous context of MAECs. The rst is from Zambrano [Za12] and the second is new to this paper.
De nition 2.8 (d-tameness). Let K be a MAEC and µ ≥ LS(K). We say that K is < µ-d-tame i for every ε > 0, there exists δ ε > 0 such that if for any M ∈ K of density character ≥ µ we have that d(p, q) ≥ ε where p, q ∈ ga-S(M), then there exists
De nition 2.9 (d-type shortness). Let K be a MAEC and µ ≥ LS(K)
U MAEC
The main ingredient in the proof is the use of very complete ultraproducts. We use almost strongly compact cardinals, rst isolated by Bagaria and Magidor [BaMa14] .
De nition 3.1 (Almost strongly compact cardinal). A cardinal κ > ℵ 0 is said to be almost strongly compact i for any δ < κ, any κ-complete lter can be extended to a δ-complete ultra lter. (1) κ is almost strongly compact.
(2) For any δ < κ, both (discrete) L δ,ω and L δ,δ satisfy κ-compactness.
(3) For every δ < κ ≤ λ, there is a ne, δ-complete ultra lter U on P κ λ (i.e., a δ-complete ultra lter such that for every α < κ, we have
We want to have an analogue of Łoś' Theorem for AECs in the metric setting. Rather than reproving a continuous version of Łoś' Theorem, we make use of the fact that there is an "invertible functor" from the class of Metric AECs to the class of AECs.
Theorem 3.3 (Boney, Theorem 6.1 of [Bo1x] ). Let L be a continuous language. Then there is a discrete language L + such that, for every MAEC K with LS(K) = |L|, there is
(1) an AEC K dense with L(K dense ) = |L + | and LS(K dense ) = LS(K); (2) a map from M ∈ K and nicely dense subsets A of M to M A ∈ K dense ; and (3) a map from A ∈ K dense to A ∈ K with the properties that (1) M A has universe A (2) A has universe that is the completion of A with respect to the derived metric (3) The maps above are essentially inverses (up to the choice of limit) (4) (a) Given M l ∈ K and A l nicely dense in M l for l = 0, 1, if f :
For the sake of completeness, we provide the de nition of ultraproduct of complete metric structures. In using countably complete ultra lters, we have an advantage over the normal situation. Typically, one considers only the ultraproduct of uniformly bounded metric spaces or considers them as pointed metric spaces (and the choice of point can a ect the ultraproduct). However, with a countably complete metric space, none of this is necessary.
De nition 3.4. Let X be a topological space and let (x i ) i∈I be a family of elements of X. If U is an ultra lter on I and x ∈ X, lim U x i = x means that for every neighborhood V of x, {i ∈ I : x i ∈ V} ∈ U.
De nition 3.5. Let (M i , d i ) : i ∈ I be a family of metric spaces. Let U be a countably complete ultra lter on I.
The proof of this fact is mostly standard (see [BeBeHeUs08] ). The nonstandard part is the use of countable completeness to remove the uniformly bounded assumption. Let (x i ) U , (y i ) U ∈ i∈I M i / ∼ U ; we want to show that d((x i ) U , (y i ) U ) is a real number. It is enough to show that there is some N such that {i ∈ I : d i (x i , y i ) < N} ∈ U. We can partition I into countably many pieces as X N := {i ∈ I : N ≤ d i (x i , y i ) < N + 1}. Since U is countably complete, some X N ∈ U and this gives us the bound. In the following lines, we prove the Łoś' theorem for MAECs, as in [Bo14] . In order to prove this, we need to see that the metric and discrete ultraproducts agree given enough completeness.
Lemma 3.9. Suppose that A i is nicely dense in M i ∈ K for each i ∈ I and U is a countably complete ultraproduct on I. Then
where d denotes the ultraproduct as a metric structure.
Proof.
The key part of the proof is the above argument that countable completeness simpli es the metric ultraproduct of unbounded structures. We show that the universes of the two models are the same (up to canonical isomorphism); that they have the same structure follows similarly.
Let
n is a Cauchy sequence in U M A i , so it has a limit in x * ∈ U M A i . It is clear that this limit must be (x i ) U (up to canonical isomorphism xing U M A i ).
Now suppose x ∈ U M A i . This means that there is (x
By the countable completeness of U, there is X ∈ U such that, for all i ∈ X, the sequence {(x n i ) U : n < ω} is Cauchy. Since M i is complete, this converges to y i ∈ M i . Then (y i ) U (which is de ned on a U-large set) is the limit of ((x n i ) U ) n . Thus, x = (y i ) U up to a canonical isomorphism.
Proof Thm. 3.8.
Let A i ⊂ M i (i ∈ I) be nicely dense subsets. By Theorem 3.3, Theorem 3.10 (Łoś' theorem for MAECs (2)). Let U be an LS(K) + -complete ultra lter over I.
(1) If M i : i ∈ I and N i : i ∈ I are sequences of structures in a
2) Let M i : i ∈ I and N i : i ∈ I be sequences of structures in K and
(3) Let M i : i ∈ I and N i : i ∈ I be sequences of structures in K and {h i : M i → N i : i ∈ I} be a family of K-embeddings.
Now we have all the tools to prove our main theorem.
Theorem 3.11. If K is a MAEC with LS(K) < κ with κ almost strongly compact, then K is < κ − d-tame and < κ − d-type short.
Proof. Let K be an MAEC with LS(K) < κ. We want to show that K is < κ − d-tame; the proof of < κ − d-type shortness is similar. We will show the contrapositive of the statement from the de nition of tameness.
Let ε > 0 and 0 < δ ε ≤ ε. Let p, q ∈ S(M) such that, for all
Let a p and b q. For each M − ∈ P * κ M, nd the following:
b. By almost strong compactness, nd a LS(K) + -complete, ne ultra lter on P * κ M. Now, take the ultraproduct by the Łoś' Theorem and get:
• the average f ∈ Aut U C takes a As mentioned above, this result holds even without a monster model. One important caveat is that, without even amalgamation, the result holds about atomic equivalence of triples (i. e., before the transitive closure is taken). However, when the transitive closure is taken, the result might no longer paper.
Further more, one can extend the other results of [Bo14] about measurable cardinals and weakly compacts to this setting.
